We analyze oscillations of intermediate neutrinos in terms of scattering of particles described by Gaussian wave packets. We study a scalar model as in the previous paper (I) but in realistic situations, where two particles of the initial state and final state are wave packets and neutrinos are in the intermediate state. The oscillation of the intermediate neutrino is found from the time evolution of the total transition probability between the initial state and final state. The effect of a finite lifetime and a finite relaxation time are also studied. We find that the oscillation pattern depends on the magnitude of wave packet sizes of particles in the initial state and final state and the lifetime of the initial particle. For ∆m 2 21 = 3 × 10 −2 eV 2 , the oscillation probability deviates from the standard formula, if the wave packet sizes are around 10 −13 m for 0.4 MeV neutrino.
§1. Introduction
Neutrino oscillation is the only place to see effects of neutrino masses theses days. To analyze neutrino oscillations, single particle wave function is studied mainly. Since the neutrino masses are so important that it is necessary to understand the quantum mechanics of neutrino oscillations fully in details. It is the purpose of the present paper to study quantum mechanical aspects of neutrino oscillations beyond the single particle picture. We studied particle oscillations from a nonstandard viewpoint in the framework of the quantum field theory, where neutrinos are in the intermediate state and finite time interval effect is explicitly taken into account, on the basis of plane waves in the previous paper.
1 ) We found that non standard oscillation patterns emerge in the exact plane waves. In many real physical processes, however, particles are not exact plane waves but have finite spatial extensions.
Wave packets are suitable to express these particles. We study particle oscillations in terms of the scattering amplitude of the particles described by Gaussian wave packets. Neutrinos are in the intermediate state in this amplitude, and neutrino oscillation is studied from this amplitude.
Although several works have been done before on the Gaussian wave packets, they are not sufficient. Ours include effects that have not been studied so far. Works of ref.
2)-4) treated neutrinos by wave packets in a single particle picture. Other works treated the particles in the initial and final state as the wave packets in a field theoretical treatment.
5), 6)
In the latter, the standard S matrix theory in which the transition time interval is set infinite from the begining was used hence dependence of the amplitudes on neutrino parameters was obtained. However this standard treatment of S matrix is inadequate in a process where the finite time interval effect is important and the dependence of amplitudes on external particle's parameters are computed. This occurs in a situation where the intermediate particle is very light and weakly interacts with matter. Especially when the intermediate particle is superposition of the several mass-eigenstates and the mass squared difference is very small, the finite time interval effect is not negligble. In the standard S matrix theory, since the energy is strictly conserved and the interference of the amplitude of different masses do not occur, there is no oscillation when all the particles are exact plane waves. We investigated carefully the finite time interval effects in particle oscillations where the observed particles are exact plane waves in the previous paper and found the finite time interval effect. Thus the finite time interval effect is important in the field theoretical treatment of neutrino oscillations. Modified S matrix approach which allows us to investigate finite time interval effects should be applied for the study of intermediate neutrino oscillations.
In the present paper, we extend our study of particle oscillations in the intermediate state to the wave packet formalism. Oscillation amplitudes of neutrinos in the intermediate state where the particles in the initial state and final state are described by wave packets are studied and effects due to the finite wave packet, the finite time interval, and the finite lifetime or finite relaxation time are found. Amplitudes are shown to deviate from the standard formula in extreme conditions, when the wave packet sizes are very small. This paper is organized in the following manner. In Section 2, we give the general consideration of the wave packet formalism, in which the particles in the initial and final state are described by the Gaussian wave packets in the finite time interval method. In Section 3, the amplitude is computed by the Gaussian approximation. In Section 4, we include a finite life time and a finite relaxation time. In Section 5, the numerical results in one spatial dimension are presented. Sammary is given in Section 6. §2. The wave packet formalism
Here we investigate neutrino oscillations in a scalar model where particles in the initial and final states have finite spatial widths which are described by Gaussian wave packets.
Particles A, B, C, and D are those that are external particles and are expressed by the field operators,
. The fields Φ I 1 (x) and Φ I 2 (x) are mass eigenstates and are internal particles. The Lagrangian density is given by
where m I i are the masses of Φ I i and m L are those of Φ L . the interaction Hamiltonian is written as
where F 1 and F 2 are coupling constants. The fields Φ I C (x) and Φ I D (x) in the above interaction Hamiltonian are linear combinations of the mass eigen states,
here θ is a mixing angle between Φ I C , Φ I D and
Each field operator is expanded in the interaction representation as
where L stands for A, B, C, D, I i .
The transition amplitude of the finite time interval T D between the initial and final state in the second order is calculated as,
The initial state is defined at t = 0 and is composed of two particles A and B which are the wave packets of finite spatial extents expressed by a distribution function. The distribution function of the momentum p , w(p ; p 0 , X 0 , T ; σ) has a finite extension around the central value p 0 and a Gaussian form is assumed,
The initial state is given by,
The final state is defined at t = T and composed of two particles C and D. The particle C is a plane wave with a definite momentum p C , and the particle D is a wave packet. The final state is defined in the form,
In the above equations, X A , X B and X C , X D are the center positions of the wave packets, and p In the amplitude Eq.(2 . 5), the particle A, B, C and D stand for directly observed particles. The particle I stands for a scalar neutrino and appears only in the intermediate state.
By substituting H int (t), the amplitude is given by,
where 11) and these integrals are obtained by Gaussian integrations. After similar integrations on x 1 , x 2 and k, the transition amplitude is expressed as,
where
13)
14)
Z i in the exponent is called "trajectory function" which gives a particle picture.
15)
17)
here we use for short haneded,
2 , is the width of Gaussian function for intermediate particle's momentum. In our approach, the intermediate particles become wave packets automatically and its size is given by those of external particles.
Momenta and energies appearing in φ is given by, 
The Gaussian term in Eq.(2 . 12) gives an approximate constraint p In this section we study the amplitude Eq.(2 . 12) further. In order to perform the time integrations, the exponent of integrand in Eq.(2 . 12) is rewritten as follows:
are the width of interaction times, and given as 1 σ
and t 0 1i (T ) and t 0 2i (T ) are regarded as the average time of interactions, and defined by
Since the explicit form of t
, ∆t 0 1i are quite complicated, we just give quadratic forms of trajectory function and the explicit forms are given in the Appendix A. Here center values of times and time widths depend on momenta of external and internal particles. Therefore it would happen in some situations that time widths become very large although spacial widths of external particles are finite.
Then, the amplitude S i are given as,
From the integrand in Eq.(3 . 6), we find that the integration over t 1 and the integration over t 2 are separated when the both time widthsσ
are small enough compared to the time interval T . Afterwards, we assume that these conditions are satisfied. Then we can integrate Eq.(3 . 6) over t 1 and t 2 and obtain,
t 2i appears as an overall factor in a consequence of the time integrations. The amplitudes become large when the time widths are large. This factor is derived only in a field theoretical treatment in which whole process is involved.
In the second line of Eq.(3 . 7), a contribution from the trajectory funtion to the amplitudes becomes maxmum at t 
We see from Eq.(3 . 7) that the phase difference, Θ 21 up to O(m 2 ) is expressed in the following form: Thus our formula is not exactly same as the standard formula.
The transition probability, P which is independent of the detection time, T D , is obtained by integrating the absolute square of amplitude over T D . 10) where N norm is an integral over T D of a sum of absolute squared amplitudes in flvor changing and flavor conserving process.
We assume that the Gaussian approximation is valid for T integral. The transition probability becomes,
where A i are the energy and momentum functions and trajectory function, andσ 2 T D i is the width of the detection time, T . These are given as
The Θ 21 is the phase difference between I 1 and I 2 in Eq.(3 . 9). The detection time is replaced by its average value,T
where T i is the average detection time in which only mass eigenstate I i appear as a intermediate state, and defined by
In the exponent of second term in Eq.(3 . 11), last two terms are characteristic terms in wave-packet treatment. One is called "decoherence function" which represent an overlap in the detection time through two intermediate states,
. The other is called "phase function" which gives the condition that the detection time width must be smaller than the oscillation period,
An extra Coefficient, 2π − ∆Θ(0) appears due to the field theoretical treatment.
The energy function gives a constraint on the energy differences ∆E 0 1i and ∆E
The energy conservation is satisfied when the energy function is zero.
When the energy-momentum and the trajectory functions are zero, the phase difference, Eq.(3 . 9) becomes.
Eq.(3 . 19) agrees with the oscillation probability of the standard formula 8), 9) if t In this section we study the transition amplitude and probability when a source particle has a finite lifetime. 11) From this, the particle oscillation of the intermediate particle is studied.
The finite life time τ is introduced on the particle A in the following manner. The field operator of the particle A, Φ A , contains Γ = 1/τ , as
In consequence of this addition in Eq.(2 . 12), damping factor −Γ is added to E A (p 0 A ) in the previous section. In this section we study the amplitude and the probability, when the both widthsσ t 2 andσ t 1 are small enough compared to the time interval T D , and the life time τ satisfies τ ≫σ t 1 andσ t 2 . Then, in the same way in the previous section, it has been found that the integration over t 1 and the integration over t 2 in the amplitudes are separated .
If these conditions are not satisfied, the Gaussian approximation is invalid and the integration over t 1 and the integration over t 2 can not be separated. The calculation would be similar to the one in plane waves then. Afterwards, we assume that these conditions are satisfied. Therefore the transition amplitude given by Eq.(3 . 6) are modified into the following form:
The new average times t 0 1i
′ and t
2i
′ of the Gaussian functions of t 1 and t 2 in Eq.(4 . 3) are
given from old ones in Eq.(3 . 5), as follows,
The transition probability is also calculated by assuming the Gaussian approximation for T D integration. It is given by, Here we examine necessary conditions for an intermediate particle's oscillations to take place, based on the transition probability Eq.(3 . 11), Eq.(4 . 6). Hereafter we call those conditions coherence conditions. Several works have been done before , 2)-6)12), 13) but our results based on the field theory are different from them. In our method, the coherence conditions are written in terms of measured quantities, like the positions, velocities and wave packet sizes for external particles.
energy function
The following factor which is common in the exponential of the amplitude S i , 
where E represents |k|. The above coherence conditions (5 . 2) are expressed as,
is the oscillation length in the standard oscillation formula, which is almost same as the one derived from (3 . 19). Using an average spatial widthσ x 1 andσ x 2 in the production and the detection processes defined by,
(5 . 4) σ x 1 andσ x 2 are functions of velocities and wave-packet sizes of external particles.σ x 1 and σ x 2 are constrained as,σ
for standard oscillations to take place. When the above constraints aren't satisfied, the ordinary interference of I 1 and I 2 does not exist. An standard oscillation disappear, and consequently the transition probability becomes constant in the time interval T D . The condition Eq.(5 . 5) is guaranteed so long as the velocities of external particles are nearly negligible compared to the velocity of an intermediate particle like a neutrino, v i , and the space widthsσ x 's of the production and the detection are not larger than the oscillation length L osc . When the energy E i is considerably lower or the space widthσ x 's are considerably larger, the condition (5 . 5) are broken and the usual oscillation will disappear.
trajectory function
The trajectory functions in each amplitudes, S i ,
also give necessary constraints for oscillation to take place through the center value of times and the time widths. These forms are very complicated and it is difficult to find simple physcial meanings. For this reason, we express constraints using the center times and the center positions. These conditions are given by subtracting one trajectories from different trajectory with different intermediate particle masses, 
where L travel = t 
decoherence function
The decoherence function appeared in the probabilities, (3 . 11) and (4 . 6) constrains the difference of the detection times of particle D, T D 0 i , as
This constraint gives "decoherence time", as a function of the detector position, particles velocities and wave packet sizes. Note that in our approach, oscillating particles appear as intermediate states and only external particles are observed. Therefore the decoherence condition is given for the detection times of scattering particle, not for the flight distance of intermediate particles.
σ T is the width of Gaussian function for the detection time and is given as a function of wave packet size and velocity. From (5 . 14), when δT D 0 is larger than 2σ T which is sum of the width for two mass eigenstates, the coherence is lost and no oscillation is seen.
phase function
The phase function in the oscillation probability gives a constraint on oscillation time or period,
(5 . 15) (5 . 15) means that when the oscillation period is smaller than the width of the detection time, the oscillation is averaged and becomes constant.
lifetime
The lifetime effect from source particle is seen explicitly as exp(−Γ t 0 i ) in the absolute squre of amplitude (4 . 6). From the third term of (4 . 6), this terms gives a constraint as,
(5 . 16) From (5 . 16), to maintein the coherence, the difference of the production time for intermedeiate particles must be smaller than the lifetime of source particle.
§6. The numerical results of transition probabilities
In this section, we show the results on the numerical calculation of the oscillation probabilities. The particle C, which corresponds to muon in pion decay, usually are not detected in most experiments and observations. From this fact, the oscillation probabilities which we actually measure is the average probabilities over p 0 C . Therefore we consider the following probabilities instead of Eq.(3 . 11) and Eq.(4 . 6), P (X B ) = dp
here P is given in Eq.(3 . 11) or (4 . 6). We investigate the following three situations by varying wave packet sizes :
1. The intermediate particles are produced by a decay of particle A in flight. The average momenta of each external particles are taken so that the average momentum of intermediate particle is about 430 MeV. This case would mimic long base line experiments. T C is a detection time of particle C. We give T C by hand as a function of p 0 C because there is no way to determine T C in one dimension. The concrete form of T C (p 0 C ) will be given in the following each subsections. We performe numerical calculations for p 0 C integration in one dimension by the trapezoidal rule.
Case 1: Decay in flight
In this case, the particle I are produced by the decay of particle A in flight accompanying with C, and the particle D appears through the interactions between the particle B at rest and I.
As we mentioned before, we give T C as a function of p 0 C . It must be decided so that the time order for the center times,
are satisfied. One of the choice satisfying this condition is,
By using Eq.(6 . 3) and Eq.(6 . 1), the oscillation probabilities with and without lifetime are calculated numerically.
The oscillation probability with infinite lifetime and finite lifetime is shown in Fig.1 and Fig.2 respectively. In Fig.1 and 2 , oscillation length becomes longer than that of standard formula when wave packet sizes are smaller than 3.0 × 10 −15 m, and amplitude of oscillation probability becomes smallar than 1 as X B becomes larger or as wave packet sizes become smaller.
In Fig.3 (a case is longer than that of finite lifetime case, and the amplitude of oscillation of infinite lifetime case is smaller than that of finite lifetime case.
The changes of oscillation length are caused by increases of the time widths,σ t 1i ,σ T i in the coefficients in Eq.(3 . 11) and suppressions by the lifetime of the particle A. In the following, we clarify the reason why the increases of the time widths and the suppressions change the oscillation length.
In Fig.4 , the p time widths shifts the peak of the oscillation probability upward from that of the Gaussian in Eq.(3 . 11). −15 m, the main contribution to the integral, Eq.(6 . 1) comes from which the phase ratio is equal to 1. But when σ x is larger than 3.0 × 10 −15 m, the main contribution comes from which the phase ratio is larger than 1 and the oscillation length become longer than that of standard formula. In the case that the particle A has finite lifetime, the main contribution to the integral comes from lower p 0 C region because of the presence of suppression factor, −Γ t
, in the exponent of Eq.(4 . 6). the change and deformation in Fig.8 occur. This effect is seen clearly around oscillation minimum.
Case 2 : Decay at rest
In the DAR, the intermediate particles I and particle C are produced by the decay of particle A at rest. The particle I are scattered by the particle B at rest, then the particle D appears. The T C is given as follows,
The oscillation probabilities with finite lifetime are shown in Fig.9 . It is seen again that amplitude of the oscillation becomes smaller and oscillation length of the oscillation probability become longer than that of the standard formula as the wave packet sizes become smaller than 4.0 × 10 −14 m.
In this case, the t 0 1i is almost zero since the particle A is at rest. Because of this, there are no significant differences between the case with lifetime and the case without lifetime.
Case 3 : Low energy
In the last, the intermediate particles are produced by the decay of the particle A in flight like the case 1, but its center value of momentum is much lower than that of the case 1, i.e. about 0.4 MeV. The particles A and C have heavier masses and lower momenta than other two cases.
Defferent from above two cases, X C is not fixed but is varied with p 0 C in the situations like the solor neutrinos and the reactor neutrinos. T C and X C are chosen as, T C = 1.0 × τ, (6 . 6)
where τ is a relaxation time of the particle A and its value is set to 10 −16 sec.
In Fig.10 , the oscillation probability with finite lifetime is shown. In this case, the oscillation length becomes longer and the amplitude becomes smaller again, but the wave packet size which these changes start to observe is of order 10 −13 m. This is because the center value of neutrino momentum is lower than the DIF and DAR case. §7. discussion and conclusion
In this paper, we have studied the particle oscillations in the intermediate state of transition amplitudes of wave packets based on a simple scalar model. Here a source particle, a target particle, and two scattered particles are the wave packets. In this situation, wave functions are not spread infinitely but is localized within a finite widthσ x and the interference occurs only among intermediate particles which overlap spatially. The interferance disappears and the oscillation probability deviates from those of the standard formula in parameter regions where the intermediate particles are separated spatially. We computed the total oscillation probability and the phase factor of the amplitude numerically and found that the oscillation probability deviates actually from those of the standard formula in extreme parameter regions. This occurs when the wave packet sizes are of the order of 10 −13 m or smaller values. In this region, the wave packet size effects become visible. Oscillation amplitude becomes smaller and oscillation period becomes larger than those of the standard formule. We hope that this region may be realized experimentally and the modified formula found here will be tested in the future. Although our results are obtained based on the simple scalar model, we hope that for precision measurements of the neutrino parameters such as masses, CKM matrix, and others, our considerations would be valuable. 
